Abstract. A classification of maximal subgroups of odd index in finite simple groups was given by Liebeck and Saxl and, independently, by Kantor in 1980s. In the cases of alternating groups or classical groups of Lie type over fields of odd characteristics, the classification was not complete.
Introduction
Liebeck and Saxl [8] and, independently, Kantor [5] have gaven a classification of finite primitive permutation groups of odd degree. It is one of the greatest results in the theory of finite permutation groups.
Both papers [8] and [5] contain lists of subgroups of finite simple groups that can be maximal subgroups of odd index. However, in the cases of alternating groups or classical groups of Lie type over fields of odd characteristics, neither in [8] nor in [5] it was described which of the specified subgroups are precisely maximal subgroups of odd index. Thus, the problem of the complete classification of maximal subgroups of odd index in finite simple groups remained open.
The classification was completed by the author in [9, 10] . In [9] we used results obtained by Kleidman [6] and by Kleidman and Liebeck [7] . However there is a number of flaws in Kleidman's PhD thesis [6] . These flaws have been corrected in [2] . In this note we provide a revision of the classification of maximal subgroups of odd index in finite simple classical groups over fields of odd characteristics which was obtained in [9] . In particular, we have made changes in statements of items (6), (10) , and (21) of [9, Theorem 1] . 
Terminology and Notation
Throughout the paper we consider only finite groups, and thereby "group" means "finite group".
Our terminology and notation are mostly standard and can be found in [2, 4, 7, 8] .
If G and H are groups, n is a positive integer, and p is a prime, then we use notation [n] for an arbitrary solvable group of order n, Z n or just n for the cyclic group of order n, E p n or just p n for the elementary abelian p-group of order p n , G.H for an extension of G by H, and G : H for a split extension of G by H.
Denote by Soc(G) the socle of a group G (i. e. the subgroup of G generated by the non-trivial minimal normal subgroups of G). Recall that G is almost simple if Soc(G) is a non-abelian simple group.
The greatest integer power of 2 dividing a positive integer k is called the 2-part of k and is denoted by k 2 .
Let m and n be non-negative integers with m =
, where a i , b i ∈ {0, 1}. We write m n if a i ≤ b i for every i. It is clear that if m n, then m ≤ n. Moreover, m n if and only if n − m n.
Let q be a positive integer power of an odd prime p. Assume that G is one of the simple classical groups P SL n (q), P SU n (q), P Sp n (q) for even n, P Ω n (q) for odd n, or P Ω ε n (q) for even n, where ε ∈ {+, −}. We will denote by V the natural projective module of G, i.e. the vector space of dimension n over a field F with the corresponding bilinear form f defined on this space, where F = F q for linear, symplectic, and orthogonal groups and F = F q 2 for unitary groups. Note that if f is non-degenerate, then for every non-degenerate subspace U of V we have (see [7, Ch. 2 
In the case of a non-degenerate symmetric bilinear form f on V , the discriminant D(V ) of the corresponding quadratic form on V is defined (see [7, Ch. 2] ). With a small abuse of terminology of [7] , we write
is a non-square in F . In the case of the group P Ω ε n (q) for even n, the parameter ε ∈ {+, −} is called the sign of this group and of the corresponding vector space V ; this parameter is denoted by sgn(V ). For every non-degenerate subspace U of even dimension m from V , the sign υ = sgn(U ) of U is defined, and the following formula is valid (see [7, Proposition 2.5.10 
Moreover, it is known (see [7, Proposition 2.5 .11]) that if U is a non-degenerate subspase of V , then
and (4) sqn(V ) = sgn(U ) · sgn(U ⊥ ) if the dimensions of U and V are even.
Using the classification of finite simple groups, Aschbacher described in [1] a large family of natural geometrically defined subgroups of simple classical groups. He has subdivided this family into eight classes C i for 1 ≤ i ≤ 8, which are now called Aschbacher classes, and has proved that if a maximal subgroup of a simple classical group does not belong to the union of Aschbacher classes of the group, then this maximal subgroup is almost simple (for details see [1] ). The normal structure and the maximality of subgroups from Aschbacher classes of simple classical groups are known (see [2] for groups of dimension at most 12 and [7] for groups of dimension at least 13), and we will use these results.
Main Result
We prove the following theorem.
Theorem. Let G be one of the simple classical groups P SL n (q) for n ≥ 2, P SU n (q) for n ≥ 3, P Sp n (q) for even n ≥ 4, P Ω n (q) for odd n ≥ 7, or P Ω (1) H = C G (σ) for a field automorphism σ of odd prime order r of the group G, where q = q r 0 ; (2) G = P SL n (q), H is the stabilizer of a subspace of dimension m of the space V , and n m; (i) m = 2 w ≥ 2 and (n, m, q) = (4, 2, 3); (ii) m = 1, q ≡ 1 (mod 4), (n, q) = (4, 5), and q ≥ 13 in the case n = 2; (7) G = P SU n (q), H is the stabilizer of an orthogonal decomposition V = V i into a direct sum of isometric subspaces V i of dimension m, and one of the possibilities is realized:
, and (n, q) = (4, 3); (8) G = P Sp n (q), H is the stabilizer of an orthogonal decomposition V = V i into a direct sum of isometric subspaces V i of dimension m, and m = 2 w ≥ 2; (9) G = P Ω n (q), H is the stabilizer of an orthogonal decomposition V = V i into a direct sum of isometric subspaces V i of dimension 1, q is prime, and q ≡ ±3 (mod 8);
(10)
, and one of the possibilities is realized: 
Proof of Theorem
Using [7, 5] we conclude that the following proposition is valid.
Proposition 1. Let G be a simple classical group over a field of odd characteristic, V be the natural projective module of G, and H be a maximal subgroup of odd index of G. Then one of the following statements holds:
(
, respectively, q is prime, and q ≡ ±3 (mod 8);
(e) G = P SL 2 (q) and H is a dihedral group,
Note that results of [8] and [5] were formulated for orthogonal groups, but not for their isomorphic copies of other types. The maximal subgroups of groups P SL 4 (q), P SU 4 (q), and P Sp 4 (q) are known [2, ], and following [9] we consider these groups separately. However, it is not hard to obtain the similar results for the corresponding orthogonal groups.
Let G be a simple classical group over a field of odd characteristic and H be a subgroup of G such that one of statements of Proposition 1 is valid.
The conditions when G has a field automorphism of odd prime order are clear. If H is a subgroup from the statement (a) of Proposition 1, then C G (σ) is a maximal subgroup of G in view of [3] , and the index |G : H| is odd in view of [8] . Thus, H = C G (σ), and the statement (1) of Theorem holds.
Further consider simple linear, unitary, symplectic, and orthogonal groups separately. We will use [2, Tables 8.1 -87] to check the maximality of subgroups in classical groups of dimension at most 12 and [7, Tables 3.5.A-F] to make the same for classical groups of dimension at least 13.
Assume that G = P SL n (q), where n ≥ 2, q is odd, and (n, q) = (2, 3). If H is the stabilizer of a subspace of dimension m of V , then in view of [ Table 3 .5.A of [7] H is maximal in G. Thus, the statement (2) of Theorem holds. Table 3 .5.A of [7] H is non-maximal in G if and only if n = 2 and q ≤ 11, or m = 1 and q = 3, or (n, m, q) ∈ {(4, 1, 5), (4, 2, 3)}. Thus, the statement (6) of Theorem holds.
Consider additional abilities for the case n = 2. Tables 8.8, 8 .9] any maximal subgroup of G is either contained in i∈{1,2,3,5,6,8} C i (G) or is almost simple. Let H be a subgroup of G.
Assume that H ∈ C 1 (G) and H is maximal in G. Then in view of [2, Table 8 .8] H is the stabilizer of a subspace of V , and the statement (2) of Theorem holds.
Assume that H ∈ C 2 (G) and H is maximal in G. Then in view of [2, Table 8 . Assume that H ∈ C 3 (G). 
Assume that H ∈ C 5 (G)
In view of [2, Table 8 .8] G contains a maximal subgroup H ∈ C 6 (G) if and only if q is prime and q ≡ 1 (mod 4). In view of [7, Proposition 4.6.6]
Note that we have
Thus, the statement (17) of Theorem holds. Assume that H ∈ C 8 (G). Then view of [2, and
Now it is easy to see that |G : H| 2 = 1 if and only if q ≡ 3 (mod 4). Thus, H ∼ = P Sp 4 (q).Z 2 , and the statement (18) of Theorem holds.
If the preimage of H in SL 4 (q) is isomorphic to SO ε 4 (q).[(q −1, 4)] for ε ∈ {+, −}, then
If q = q 2 0 and the preimage of H in SL 4 (q) is isomorphic to SU 4 (q 0 ).Z (q0−1,4) , then
Finally, assume that H is a maximal almost simple subgroup of G. Then in view of [2, Table 8 .9] H ∈ {P SL 2 (7), A 7 , P SU 4 (2)}. So, |H| 2 ≤ 2 6 in view of [4] , and it is easy to see that
. Thus, the index |G : H| is even.
Assume that G = P SU n (q), where n ≥ 3 and q is odd. Let H be the stabilizer of a non-degenerate subspace U of dimension m of V . Note that in view of (1) H is the stabilizer of U ⊥ , and we can assume that m < n/2 (if m = n/2, then H is contained in a subgroup which will be considered in the next paragraph). In view of [9, Theorem 3] Table 3 .5.B of [7] H is maximal in G. Table 3 .5.B of [7] H is non-maximal if and only if m = 1 and (n, q) ∈ {(3, 5), (4, 3)}. Thus, the statement (7) of Theorem holds.
If G = P SU 3 (5) and H ∼ = M 10 , then in view of [4] H is a maximal subgroup of odd index in G. Thus, the statement (16) of Theorem holds.
Consider the case n = 4. In view of the Aschbacher theorem [1] and [2, Tables 8.10, 8 .11] any maximal subgroup of G is either contained in i∈{1,2,5,6} C i (G) or is almost simple. Let H be a subgroup of G.
Assume that H ∈ C 1 (G). Then in view of [2, Table 8 .10] either H is the stabilizer of a non-degenerate subspace of V , and the statement (3) of Theorem holds, or H is the stabilizer of a totally singular subspace of V of dimension m. In the last case 1 ≤ m ≤ 2, and in view of [2, Table 8 .10] the preimage of H in SU 4 (q) is isomorphic to E 1+4 q .SU 2 (q) : Z q 2 −1 for m = 1 or to E 4 q : SL 2 (q 2 ) : Z q−1 for m = 2, and
Assume that H ∈ C 2 (G). Then in view of [2, Table 8 .10] either H is the stabilizer of an orthogonal decomposition V = n/m i=1 V i with all V i isometric of dimension m, and the statement (7) of Theorem holds, or H is the stabilizer of a decomposition V = V 1 ⊕ V 2 , where V 1 and V 2 are totally singular subspaces of V of dimension 2. In the last case in view of [2, Table 8 .10] the preimage of H in SU 4 (q) is isomorphic to SL 2 (q 2 ).Z q−1 .Z 2 and
Assume that H ∈ C 5 (G). Then in view of [2, Table 8 .10] either H = C G (σ) for a field automorphism σ of prime odd order of the group G, and the statement (1) of Theorem holds, or in view of [2, Table 8 .10] and [7, Proposition 4.5.6] either H is isomorphic to P Sp 4 (q). , or the preimage of H in SU 4 (q) is isomorphic to SO ε 4 (q).[(q + 1, 4)] for ε ∈ {+, −}. In view of [2, Table 8 .10] G always contains a maximal subgroup H ∼ = P Sp 4 (q).
(q + 1, 2)(q − 1, 2) (q + 1, 4) ,
Note that |G : H| is odd if and only if q ≡ 1 (mod 4). Thus, H ∼ = P Sp 4 (q).Z 2 , and the statement (20) of Theorem holds.
If the preimage of H in SU 4 (q) is isomorphic to SO ε 4 (q).[(q +1, 4)] for ε ∈ {+, −}, then
In view of [2, Table 8 .10] G contains a maximal subgroup H ∈ C 6 (G) if and only if q is prime and q ≡ 3 (mod 4). In view of [7, Proposition 4.6.6]
Thus, the statement (19) of Theorem holds. Finally, assume that H is an almost simple maximal subgroup of G. Then in view of [2, Table 8 .11] H ∈ {P SL 2 (7), A 7 , P SL 3 (4), P SU 4 (2)}. So, |H| 2 ≤ 2 6 in view of [4] , and it is easy to see that
Assume that G = P Sp n (q), where n ≥ 4, n is even, and q is odd. Let H be the stabilizer of a non-degenerate subspace U of dimension m of V . Note that m is even, and in view of (1) we can assume that m < n/2 (if m = n/2, then H is contained in a subgroup which will be considered in the next paragraph). In view of [9, Theorem 4] Table 3 .5.C of [7] H is maximal in G. Thus, the statement (3) of Theorem holds for symplectic groups. Table 3 .5.C of [7] H is maximal in G. Thus, the statement (8) of Theorem holds.
Consider the case n = 4. In view of the Aschbacher theorem [1] and [2, Tables 8.12, 8 .13] any maximal subgroup of G is either contained in i∈{1,2,3,5,6} C i (G) or is almost simple. Let H be a subgroup of G.
Assume that H ∈ C 1 (G) and H is maximal in G. Then in view of [2, Table 8 .12] H is the stabilizer of a totally singular subspace of V of dimension m, where 1 ≤ m ≤ 2. In view of [2, Table 8 .12] the preimage of H in Sp 4 (q) is isomorphic to E 1+2 q : (Z q−1 × Sp 2 (q)) for m = 1 or to E 3 q : GL 2 (q) for m = 2, and
Assume that H ∈ C 2 (G). Then in view of [2, Table 8 .12] either H is the stabilizer of an orthogonal decomposition V = 2 i=1 V i with V 1 isometric to V 2 , and the statement (7) of Theorem holds, or H is the stabilizer of a decomposition V = V 1 ⊕ V 2 , where V 1 and V 2 are totally singular subspaces of V of dimension 2.
In the last case in view of [2, Table 8 .12] the preimage of H in Sp 4 (q) is isomorphic to GL 2 (q).Z 2 and
Assume that H ∈ C 3 (G). Then in view of [2, Table 8 .12] the preimage of H in Sp 4 (q) is isomorphic either to Sp 2 (q 2 ) : Z 2 or to GU 2 (q).Z 2 . In the first case
In the last case
Assume that H ∈ C 5 (G). Then H = C G (σ) for a field automorphism σ of prime order r of the group G. If r is odd, then the statement (1) of Theorem holds. If r = 2, then in view of [2, Table 8 .12] the preimage of H in Sp 4 (q) is isomorphic to Sp 4 (q 0 ).Z 2 for q = q 2 0 and
In view of [2, Table 8 .12] G contains a maximal subgroup H ∈ C 6 (G) if and only if q is prime. In view of [7, Proposition 4.6.9 ]
and |G :
Thus, the statement (21) of Theorem holds. Finally, assume that H is an almost simple maximal subgroup of G. Then in view of [2, Table 8 .13] H is isomorphic either to P SL 2 (q), or to one of the following groups: A 6 , S 6 , or A 7 . It is easy to see that the index |G : H| is even.
Assume that G = Ω n (q), where n ≥ 7, n is odd, and q is odd. Let H be the stabilizer of a non-degenerate subspace U of dimension m of V . Note that in view of (1) Table  3 .5.D of [7] H is maximal in G if and only if either m > 1 and (m, q) = (3, 3) , or m = 1 and q is prime. In view of [9, Theorem 10] the index |G : H| is odd if and only if m = 1 and q ≡ ±3 (mod 8). Thus, the statement (9) of Theorem holds.
Consider additional abilities for the case n = 7. 
and it is easy to see that the index |G : H| is odd if and only if q ≡ ±3 (mod 8).
Thus, the statement (22) of Theorem holds.
Assume that G = Ω ε n (q), where ε ∈ {+, −}, n ≥ 8, n is even, and q is odd. Let H be the stabilizer of a non-degenerate subspace U of dimension m of V . Note that if m = n/2 is odd and U and U ⊥ are non-isometric, then in view of [9, Theorem 12] the index |G : H| is even. If m = n/2 and U and U ⊥ are isometric, then H is contained in a subgroup which will be considered below. Thus, if m = n/2, then we can assume that m is even and ε = −. With this assumption, in view of (1) and (4) [2] and Tables 3.5.E and 3.5.F of [7] H is maximal in G if and only if (q, m, sgn(U )) = (3, 2, +), (3, n − 2, ε). Note that D Assume that D(V ) = −1. In view of (1) and (3) , and it is easy to see that the index |G : H| is odd if and only if q ≡ ±3 (mod 8).
Thus, the statement (23) of Theorem holds.
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